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RPRENR AT EOF AR DETROND M, B IHE CRIEN 2R ER & A VIR TV
BEENBENZLERMIETS L, BRENTHo I LIVDABTHoT2Z LDFIZH LT
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BRECOWTIL, FHEEDTRTAEENRERT, FHRaTH 3.7 ALEIoT,
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&6t 7 7ARTT A FORBEO—E (FR30)

EC1/1. A tetrahedron with four equilateral triangular faces has a sphere inscribed within it and a
sphere circumscribed about it. For each of the four faces, there is a sphere tangent externally
to the face at its center and to the civeumscribed sphere. A point P is selected at random
inside the circumseribed sphere. 'What is the probability that P lies inside one of the five
small spheres?

EC1/2. Given a positive integer n, evaluate ged(n! + 1, {(n + 1))

2C1/3. For positive real number a, let 1, %2, %3 be the roots of the equation 2° — ax?
Determine the smallest possible value of o3 + 23 + 23 — 3x1292s.

+ar—a=40.

EC1/4. In an increasing sequence of four positive integers, the fivst three terms form an arithmetic
progression, the last three terms form a geometric progression, and the first and fourth terms
differ by 30. Find the sum of the four terms.

EC1/5. Suppose that P{z} is a polynomial such that P(1) = 1 and

P(2e) 56
Pla+1)~ ~ a+7

for all real 2 for which both sides are defined. Find P{-1).
EC1/6. Determine with justification all primes p such that 43 divides 77 — 67 + 2.

EC1/7. In triangle ABC, ZC = 90°. Point D lies on segment AB such that CD & AB. Given that
BD =29%, and AC, AD, BC sre all integers, find cos B.

2C1/8. All three vertices of an equilateral triangle are on the parabola y = 22, and one of its sides
has a slope of 2. The a-coordinate of the three vertices have a snm of m/n, where m and n
are relatively prime positive integers. What is the valne of m +n?

EC1/9. Compute

{2004 2004 2004 2004 (2004 2004
—4 8 8T V. .
2( ) ) ( | )+ )( 5 ) ( o )+ 40m:(2002)+4002<2003)

EC1/10. In quadrilateral ABCD, ZBAD = ZADC and ZABD = ZBCD, AB =%, BD = 10, and
BC = 6. The length of segment ') may be written in the form of m/n, where m and n are
relatively prime positive integers. Find m 4+ n.
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1.8 Quadratic equations
1 {AIMET 2010 Let PUx) be a quadratic polynomial with real coefficients satisfying
P 2e 2 € P 2~ 4x 4 3

Tor all real numbers x, and suppose 11} = 181, Find 16}

2. [AIMEI 2011, by Zuming Feng] Suppose that a parabola has vertex (. ~F) and equation
¥ = axs + by + ¢, where g > Qand g + b + ¢ is an integer. The minimum possible value of
¢ can be written in the form %, where p and g are relatively prime positive integers, Find
P+

3. A circular sector has a 8.26-inch radiss and a 12.84-inch arc length.

A (1) Find the perimeter and the area of this sector,
{h) There s another sector that has the same arca and the same perimeter. What are its
dimensions?
f¢) What is the relation between the dimensions of these two seviors?

4, Find ail real numbers p such that the roots of 507 = 3(p + Pa? +{T1p ~ Dy + ] = 66p are
ol posigve Integers,

5. Given a circudar sector, is there always 2 different sector that has the same area and the
same perimeter? Explain you nsason,

& {ARML 2007) Compute the value of & such that the equation
¥+2
kx-1

has exactly one solution.

7. [AMC12B 2004) The graph of 257 + xv 4 3y - Llx - 2y + 40 = ( is an ellipse in the st
quadrant of the xy-plane. Let g and b be the maximum and minimuns values of § over alt
points (x, ¥) an the eilipse. What is the valwe of a + 57

8. Find the range of

v+ 17

9, [AMCI12A 2003} Let f(x) = vax? + bx. For how many real values of g is there at least

ong positive value of & for which the domain of f and the range of £ are the same se1?
18, {Mandelbrot 2011] Calculate the exact value of the infisite continued fraction shown be-

14
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